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Abstract
Serpentine interconnects are highly stretchable and frequently used in flexible elec-
tronic systems. In this work, we show that the undulating geometry of the serpentine
interconnects will generate phononic band gaps to manipulate elastic wave propagation.
The interesting effect of ‘bands-sticking-together’ is observed. We further illustrate that
the band structures of the serpentine interconnects can be tuned by applying pre-stretch
deformation. The discovery offers a way to design stretchable and tunable phononic crys-
tals by using metallic interconnects instead of the conventional design with soft rubbers
and unfavorable damping.
1 Introduction
Phononic crystals are periodic structures/materials exhibiting phononic band gaps that pro-
hibit wave propagation at certain ranges of frequencies [1, 2, 3]. Conventional phononic crystals
are usually composed of rigid materials like metals, plastics, and ceramics so that the band
gaps are fixed once the medium is fabricated. In recent years, tunable phononic crystals
[4, 5, 6, 7, 8, 9] have been of great interest to researchers since the band gaps can be tuned by
applying mechanical loads or electrical/magnetic fields [10]. Currently, most tunable phononic
crystals adopt the use of compliant materials like elastomers and gels. However, a critical
problem is that these compliant materials exhibit intrinsic damping, which causes undesirable
wave dissipation so that high frequency pass bands will usually be eliminated. This has become
an obstacle to the application of tunable phononic crystals since they only work in the very
low frequency range (∼ 1 KHz) [11].
A question that arises therefore is whether it is possible to design tunable phononic crystals
by using metals in some fashion to eliminate the material damping. The metallic interconnects
in stretchable electronic systems [12, 13, 14, 15] shed some light on this question. These serpen-
tine interconnects are supremely stretchable without inducing irreversible plastic deformation
or failure due to their unique deformation feature: large rotation but small strain. Therefore,
if the periodic geometry of the serpentine interconnects can form band gaps, they would be
very useful in designing stretchable phononic crystals. The interesting work by Trainiti et al.
[16] has shown that slightly undulating beams and plates can give rise to phononic band gaps,
which implies that the serpentine interconnects may have similar behavior. Researchers have
also shown that the resonance frequencies [17, 18] and dispersion curves [19] of helical springs
can be tuned by applying axial tension/compression, implying the possible tunability of the
dynamic behavior for associated types of flexible structures. The main aims of this paper are
to explore whether band gaps can be formed by serpentine interconnects and furthermore if
these band gaps are tunable by applying a pre-stretch deformation to the stationary state.
The Kirchhoff elastica model [20] is used in order to describe the deformation of the ser-
pentine interconnects. Band structures are calculated numerically by solving the incremental
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dynamic equations that arise when small amplitude deformation is superimposed upon an ini-
tially pre-stretch configuration of the serpentine interconnect structure. The tunability of the
band gaps under pre-stretch deformation will be discussed. The work provides evidence of the
capability to design tunable phononic crystals from serpentine interconnects, which overcomes
the material damping obstacle of current designs that employ compliant materials such as
elastomers and gels.
2 Serpentine Interconnects under Stretch
Serpentine interconnects are usually designed as thin undulating elastica, as shown in Fig. 1.
These structures exhibit ultra-high stretchability without inducing failure or plastic deforma-
tion. As illustrated in Fig. 1, the relaxed configuration is described by parametric curves of
the form
x0(s(ξ)) = L0[ξ − β sin(4piξ)], (1)
y0(s(ξ)) = H0 sin(2piξ), (2)
where x0 and y0 are the horizontal and vertical coordinates of the elastica, H0 and L0 are the
initial amplitude and period of the undulating elastica, β is a parameter indicating the winding
degree, s indicates the arc length, and ξ is an independent parameter with ξ ∈ [0, 1] indicating
one period. Note that the curve degenerates to a sine function if β = 0. The relation between
the arc length s and coordinate ξ is
s(ξ) =
∫ ξ
0
√
x20,ζ + y
2
0,ζ dζ. (3)
Clearly, the total arc length of one period is obtained as S = s(1) from Eq. (3). The stretch ratio
is Λ for the two types of interconnects shown in Fig. 1 so the periodic length L0 in the relaxed
configuration is stretched to ΛL0 in the deformed configuration. We adopt the inextensible
Kirchhoff elastica model to describe the deformation and equilibrium of the interconnects.
Figure 1: Schematic illustration of two forms of stretchable serpentine interconnects. The
relaxed configurations are described by Eqs. (1) and (2).
2.1 Relaxed Configuration
As shown in Fig. 2, the relaxed configuration B0 of the serpentine interconnect is described
by the centerline r0(s) = x0(s)ex + y0(s)ey such that s is the arclength of the elastica, ex and
ey are the unit bases of the Cartesian coordinate system. Since the metallic interconnects are
usually very thin, the elastica is assumed to be inextensible and shear deformation is negligible.
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Figure 2: Schematic illustration to the relaxed and stretched configurations for the serpentine
interconnect.
The rotation of an elastica segment is described by θ0, which is defined as the angle between
the centerline and the ex direction. The kinematic relation requires that [20]
x′0(s) = cos θ0(s), (4)
y′0(s) = sin θ0(s), (5)
where f ′(s) = df/ds. The relaxed configuration (x0, y0) is prescribed initially in Eqs. (1) and
(2) and the curvature of the centerline is defined as
κ0(s) = θ
′
0(s). (6)
Since the parameter ξ is introduced in order to describe the relaxed configuration conveniently,
the curvature in Eq. (6) is further expressed as
κ0(s(ξ)) =
x0,ξy0,ξξ − y0,ξx0,ξξ
(x20,ξ + y
2
0,ξ)
3/2
. (7)
The function κ0(s) in Eq. (7) can be solved numerically from Eqs. (3) and (7) together, which
will be used later.
2.2 Stretched Configuration
As the serpentine interconnect is stretched to a deformed configuration B in Fig. 2, the center-
line r0 will be transformed to the current position r(s) = x(s)ex+y(s)ey. Correspondingly, the
rotation angle and curvature also change to the current values as θ(s) and κ(s), respectively.
Similar to Eqs. (4) and (5), the kinematic relations obey the following form in the stretched
configuration,
x′(s) = cos θ(s), (8)
y′(s) = sin θ(s). (9)
The internal forces of the serpentine interconnect include stretching forces (nx, ny) and
bending moment m in the deformed configuration, as shown in Fig. 2 (b). The dynamic
equations are [21]
n′x = ρAx¨, (10)
n′y = ρAy¨, (11)
m′ = nx sin θ − ny cos θ + ρIθ¨, (12)
where f˙ = ∂f/∂t, t denotes time, A and I are the area and moment of inertia of the cross sec-
tion. Finally, the bending momentm is assumed to be proportional to the curvature increment,
so that
θ′ ≡ κ = κ0 +m/(EI), (13)
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where κ is the current curvature and E is the Young’s modulus.
The position and internal forces of the stretched configuration can be represented by a
state vector φ = (x, y, θ, nx, ny,m). Hence, the stretched configuration can be solved by using
Eqs. (8) - (13), together with the boundary conditions φ(0) and φ(S) for one period of the
serpentine interconnect.
3 Incremental Dynamic Equation
We consider small amplitude wave propagation superimposed on a pre-stretch configuration
B, which is called small on large in some literature [22]. Hence the current configuration is a
superposition of two terms, as
φ = φ¯+ δφˆ, (14)
where φ¯ = (x¯, y¯, θ¯, n¯x, n¯y, m¯) and φˆ = (xˆ, yˆ, θˆ, nˆx, nˆy, mˆ) represent the equilibrium pre-stretch
deformation and the perturbed wave term, respectively.
The pre-stretch deformation φ¯ can be computed in the following manner. By ignoring
the inertia terms, Eqs. (8) - (13) can be cast into a series of first order ordinary differential
equations as φ¯
′
= ψ(φ¯). The boundary conditions are then specified as
s = 0 : x¯ = y¯ = m¯ = 0, (15)
s = S : x¯ = ΛL0, n¯y = m¯ = 0, (16)
where Λ is the pre-stretch ratio of the serpentine interconnect, as depicted in Fig. 1. The
pre-stretch deformation can then be obtained by solving the equation φ¯
′
= ψ(φ¯) numerically
via the finite difference method. Note that for the relaxed configuration chosen in Eqs. (1) and
(2), the internal forces n¯x = const. and n¯y = 0.
After substituting the assumed perturbed solution (14) into the six equations Eqs. (8) -
(13), we derive the governing equations for the wave propagation problem (see Appendix A),
as
φˆ
′
= Kφˆ+M
¨ˆ
φ, (17)
where K and M are 6-by-6 matrices with nonzero components given by
K13 = − sin θ¯, K23 = cos θ¯, K36 = 1/(EI),
K63 = n¯x cos θ¯ + n¯y sin θ¯, K64 = sin θ¯, K65 = − cos θ¯,
M41 =M52 = ρA, M63 = ρI.
For the serpentine interconnects, the Bloch wave solution to Eq. (17) is
φˆ = Φei(ks−ωt), (18)
where Φ = (X,Y, iΘ, iNx, iNy,M) is a periodic complex function of s, k is the wave number,
and ω the eigenfrequency. After substituting Eq. (18) into (17) we find that
Φ′ = AΦ, (19)
where A = K− ikI − ω2M and I is the 6-by-6 identity matrix. The transfer matrix method
[2] can be used to solve Eq. (19). In order to implement this method, the arc length S in
one period is divided into P equal intervals [17, 18] as ∆s = S/P with P large enough (e.g.
> 200). Thereby, following the Cayley-Hamilton theorem [23], the solution of Eq. (19) for
s = p∆s (p = 1, 2, · · · , P ) is
Φ(p∆s) =
p∏
j=1
exp(Aj∆s)Φ(0) = TpΦ(0), (20)
where Aj = [A(j∆s)+A((j − 1)∆s)]/2 and Tp = T(p∆s) called the transfer matrix. Finally,
the state vector for the end of one period s = S can be obtained from Eq. (20), as
Φ(S) = TPΦ(0). (21)
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Therefore, with Eq. (21), the Bloch boundary condition Φ(0) = Φ(S) finally leads to the
following eigenvalue problem
det(TP − I) = 0. (22)
The eigenfrequency ω(k) can be solved numerically from Eq. (22) once a wave number k (0 6
k 6 pi) is specified. The real eigenfrequencies ω(k) represent propagating waves while complex
eigenfrequencies indicate evanescent waves. The band structure is usually plotted for the real
eigenfrequencies. The Bloch modes can be calculated from Eq. (20) by replacing Φ(0) with
the eigenvectors of Eq. (22). Normally either the real or imaginary part of the complex Bloch
mode can be used to depict the Bloch wave modes.
4 Numerical Study
The serpentine interconnects are highly stretchable due to their undulating geometry. Wave
propagation behavior is expected to be influenced by the geometry as well as the pre-stretch
ratio. Some of the key questions to be answered include,
• Will the undulating geometry of the serpentine interconnect lead to band gap formation,
and if yes, how would the geometric parameters affect the the band gap structure?
• How will the pre-stretch deformation affect the band gaps?
• Which is the dominant factor for the band gap tunability, the undulating geometry or
internal force?
In order to address these questions, we conduct numerical simulations for the band structure to
explore band gap formation and tunability of the serpentine interconnects. Two dimensionless
variables are introduced for the wave number k and eigenfrequency ω, as
k¯ = kS, ω¯ = ωS
√
ρA
EI
. (23)
In addition, the rotary inertia term M63 is also ignored in Eq. (17) since its effect is negligible
for thin rods.
Figure 3: Comparison of the dispersion curves obtained from the current elastica model and
the undulated beam model [16]. The geometric parameters are chosen as H0/L0 = 0.05, β = 0
and the thickness of the beam is 0.07L0.
The current model is compared with the undulated beam model proposed in Ref. [16]
to verify the results. Figure 3 illustrates the dispersion curves of a slightly undulated beam
(H0/L0 = 0.05, β = 0) obtained from these two models. It can be seen that these two models
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predict almost identical results in this case. In fact, the elastica model degenerates to the
undulated beam model when the amplitude H0 is much smaller than L0. Note that even
though the undulated beam model [16] is relatively easy to use, it is only applicable when
the beam is slightly undulated, otherwise significant error will be induced. Since serpentine
interconnects usually exhibit severely undulated geometry incorporated by the presence of the
additional winding parameter, the elastica model must be used to determine its deformation
[20, 15] and its dynamic behaviour [21].
The dispersion relations of serpentine interconnects without pre-stretch are shown in Fig.
4. We consider two types of interconnects with different winding parameter β. In addition, the
aspect ratio H0/L0 is also varied to investigate its effect on band gap formation. Fig. 4 (a)-(c)
illustrate the band structures of sinusoidal interconnects (β = 0) with aspect ratios H0/L0 =
2, 1, and 0.5, respectively. It is observed from Fig. 4 (a)-(c) that the undulating geometry
Figure 4: Phononic band structures of serpentine interconnects in the relaxed state. The
dispersion curves are indicated by dotted curves, while the band gaps are shaded in cyan
(online) or grey (print). (a)H0/L0 = 2, β = 0, (b) H0/L0 = 1, β = 0, (c)H0/L0 = 0.5, β = 0,
(d) H0/L0 = 2, β = 0.2, (e) H0/L0 = 1, β = 0.2, (f) H0/L0 = 0.5, β = 0.2.
of the interconnects usually generates multiple band gaps, which are useful for wave filtering
and control purposes. This band gap formation mechanism is different to that in conventional
two-phase phononic crystals where non-uniform material distribution is employed [1, 2, 3].
Instead, serpentine interconnects generate band gaps from the non-uniform geometry, similar
to sinusoidal beams [16, 24] and undulated lattice structures [25, 26]. According to Fig. 4 (a)-
(c), associated with the winding parameter β = 0, an increase in the aspect ratio H0/L0 will
widen the first and second band gaps significantly. In the extreme scenario when H0/L0 = 0,
i.e. a straight elastica, there will be no band gaps. Figure 4 (d)-(e) show the band structures of
serpentine interconnects with β = 0.2 for different aspect ratios H0/L0. Interestingly, for this
winding parameter, these band structures have different characteristics as H0/L0 is increased,
compared with those in Fig. 4 (a)-(c). In particular as is illustrated in Fig. 4 (d)-(e), the
opposite effect is noted in the first and second band gaps in that their width now decreases
as H0/L0 increases. The advantage of increasing the winding parameter β is to enhance the
stretchability of the serpentine interconnects, thinking ahead to its potential as a tunable
structure. The numerical analysis in Fig. 4 answers the first question posed at the beginning
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of this section. The non-uniform geometry of the serpentine interconnects will induce band
gaps naturally without the need to introduce any material inhomogeneity. Additionally, the
band gaps can be modified by changing geometric parameters such as the aspect ratio H0/L0
and the winding parameter β of the serpentine interconnects.
A remarkable feature of the band structures of serpentine interconnects is the so-called
‘bands-sticking-together’ effect [27]. It can be observed from Fig. 4 that all of the bands
occur as pairs which merge at k¯ = pi, indicating two-fold degeneracies of the Bloch modes
at the edge of the first Brillouin zone. Note in particular that the first two bands are almost
indistinguishable in Fig. 4. Therefore band gaps can only exist between two bands in neighbour
pairs, not between two bands of the same pair. This phenomenon is induced by the intrinsic
glide symmetry of the serpentine interconnects. In other words, a reflection operation with
respect to the horizontal axis followed by a horizontal translation L0/2 will not change the
structure in Fig. 1. In fact the serpentine interconnects belong to the nonsymmorphic group
F2mg in the seven Frieze groups [28]. The ‘bands-sticking-together’ phenomenon was also
observed for photonic crystal waveguides [28] with the same space group. The pre-stretch
deformation will not change the underlying symmetry of the serpentine interconnects in this
work.
Figure 5: Phononic band structures of pre-stretched serpentine interconnects with β = 0.
(a) Λ = 2, (b) Λ = 5, (c) Λ = 7, (d) Band gaps for different stretch ratio Λ.
In order to address the second question, we study the effect of pre-stretch deformation on
the band structure characteristics and band gap tunability of the serpentine interconnects. The
analysis shall focus on interconnects with a high aspect ratio H0/L0 = 2. Figure 5 shows the
band structures of sinusoidal serpentine interconnects (β = 0) under pre-stretch deformation.
The variation in band gap width is illustrated in Fig. 5 (d) for a wide range of stretch ratios
Λ up to approximately 7.5. Several band gap structures for specific Λ are shown in Fig. 4 (a)
and Figs. 5 (a)-(c). It is observed from Fig. 5 (d) that for this parameter set, there usually
exists three band gaps at frequencies ω¯ < 450 for most of the stretch ratios considered here.
The first band gap shrinks when Λ increases while the third band gap widens. The central
frequency of the first band gap decreases slightly then increases dramatically as Λ becomes
larger, which is induced by the separation of the first (and second) pair of bands, and is seen
by comparing Fig. 5 (a) with Fig. 5 (c). Fig. 5 (d) also indicates that the second band gap
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disappears when Λ > 6.5, an extremely stretched situation. For instance, there is no band
gap between the second and third pairs of bands in Fig. 5(c). Instead, there exists a crossing
between the fourth and fifth bands at k¯ = 0.45pi, which therefore prevents the existence of a
band gap.
Figure 6 depicts the band structures of serpentine interconnects when β = 0.2 with band
gaps shown in Fig. 6 (d) for stretch ratio Λ up to 8. Overall, the effect of pre-stretch deformation
on the band structure for this case is more complicated than that of the sinusoidal interconnects.
It can be seen from Fig. 6 (d) that the second band gap disappears when the stretch ratio
Λ = 3 (see Fig. 6 (a)) and subsequently widens, indicating complicated interactions between
the fourth and fifth bands in the band structures. Similar to Fig. 5 (d), the second band gap
in Fig. 6 (d) also disappears when the stretch ratio is large enough, due to the band crossing
effect, e.g. the crossing between the fourth and fifth bands at k¯ = 0.32pi which is visible in Fig.
6 (c).
Figures 5 and 6 demonstrate that the band gaps in serpentine interconnects are highly
tunable via the application of pre-stretch deformation. Hence, it is possible to design highly
stretchable, yet tunable, phononic crystals by using such serpentine interconnects. However,
in an extreme scenario when the serpentine interconnects are stretched to straight lines, all
band gaps will disappear, although we note that this would be a rare situation in practice.
In this case, the serpentine interconnect will behave like straight beams under constant axial
tension.
Figure 6: Phononic band structures of pre-stretched serpentine interconnects with β = 0.2.
(a) Λ = 3, (b) Λ = 5, (c) Λ = 8, (d) Band gaps for different stretch ratio Λ.
For the purposes of illustration, the Bloch wave modes of the relaxed and stretched ser-
pentine interconnects are shown in Fig. 7. The Bloch mode is obtained by superimposing the
real part of the solution φˆ in Eq. (18) onto the pre-stretch deformation φ¯. Note that the
time-dependent term e−iωt is omitted in Eq. (18). In Fig. 7, we pick up a special scenario with
k¯ = pi/2 for the first and second bands ω¯1 and ω¯2. The Bloch wave modes in Fig. 7 (a) and (c)
correspond to Fig. 4 (a), while the two modes in Fig. 7 (b) and (d) correspond to Fig. 5(a). It is
found that the first band ω¯1 is a flexural mode while the second band ω¯2 is longitudinal, which
are shown clearly in Fig. 7. The pre-stretch deformation does not significantly modify the wave
mode characteristics of the serpentine interconnects, while the eigenfrequencies will normally
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be tuned by the pre-stretch to some extent. Higher order Bloch modes will usually exhibit
local bending deformation of the interconnects. In addition, we have found that the serpentine
interconnects with winding parameter β = 0.2 show similar Bloch mode characteristics, which
will not be discussed further in detail.
Figure 7: Bloch wave modes for relaxed ((a) and (c)) and pre-stretched ((b) and (d))
serpentine interconnects. The stationary configurations are indicated by dash-dot curves while
the Bloch wave modes are represented by solid curves. The wave number is chosen as k¯ = pi/2
and the eigenfrequencies ω¯1 and ω¯2 indicate the first and second bands, respectively. The
geometric parameters are chosen as H0/L0 = 2 and β = 0 for all cases.
The wave dispersion relations of pre-stretched serpentine interconnects are mainly influ-
enced by two factors: the geometry change and internal forces. It would be interesting to
quantify these two effects and identify which, if any, are dominant. This is done here by set-
ting K63 = 0 in Eq. (17) so that the effect of internal forces n¯x and n¯y is therefore neglected
for the subsequent band structure calculation. Fig. 8 illustrates the band structures of the
serpentine interconnects in this case, i.e. without the consideration of internal forces. Specif-
ically, Fig. 8 (a)-(d) correspond to the cases in Fig. 5 (a), 5 (c), 6 (a), 6 (c), respectively, by
considering the geometry change only. By comparing with Fig. 5 (a) and Fig. 6 (a), it is found
from Fig. 8 (a) and (c) that the band structures are only slightly affected by the internal
forces, in the scenario when the stretch ratio Λ is not large. In contrast, once the stretch ratio
Λ is large enough, e.g. in Fig. 8 (b) and (d), the internal forces play a significant role on
the band structures with most bands shifting upward to higher frequencies. Our simulation
indicates that the band structures of serpentine interconnects are significantly affected by the
internal forces only when the stretch ratio Λ > 6. As a result, the central frequencies of band
gaps in Fig. 5 (d) and 6 (d) increase dramatically when Λ > 6. Hence, we conclude that the
geometry change is the dominant effect on band structure modification when the stretch ratio
Λ is below the intermediate level. In the case extreme stretch however, both the geometry
change and internal forces play significant roles on the band structure. This answers the third
question raised above.
5 Conclusions
In this work, we have explored the possibility of using serpentine interconnects as stretchable
phononic materials to control elastic waves and studied the influence of pre-stretch deforma-
tion on the tunability of band gaps. The serpentine interconnects are modeled as inextensible
Kirchhoff elastica. Wave propagation is governed by incremental dynamic equations superim-
posed on a pre-stretch state. The band structures are obtained numerically for both the relaxed
9
Figure 8: Phononic band structures of pre-stretched serpentine interconnects when internal
forces are neglected. The aspect ratio is H0/L0 = 2 for all cases. (a) β = 0, Λ = 2; (b)
β = 0, Λ = 7; (c) β = 0.2, Λ = 3; (d) β = 0.2, Λ = 8.
and pre-stretched serpentine interconnects. Numerical results indicate that band structures of
serpentine interconnects exhibit the ‘bands-sticking-together’ effect due to the intrinsic glide
symmetry. All bands occur as pairs and degenerate at the edge of the first Brillouin zone. The
band gaps are formed between bands of neighbor pairs and tuned by their strong interactions.
In addition, the pre-stretch deformation can tune the band gaps significantly, providing oppor-
tunities for wave filtering and control. There are two main factors that affect the band gaps of
the pre-stretched serpentine interconnects: geometry change and internal forces. Our results
indicate that the geometry change is dominant when the stretch ratio is lower than 5 while
both effects play significant roles for extremely stretched scenarios.
The serpentine interconnect therefore offers a way to design stretchable and tunable phononic
media with low damping, which is the key advantage over the prevalent design of using com-
pliant materials such as elastomers and gels. Future research could be directed towards ex-
perimental studies as well as two- and three-dimensional designs of such phononic materials
employing serpentine interconnects. In addition, it would also be very interesting to explore
the effects of different geometric design [15, 13] on the band gaps and tunability of serpentine
interconnects.
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A Derivation for Incremental Dynamic Equations
The derivation of the incremental dynamic equation (17) is introduced in this section. After
substituting the perturbed solution (14) into Eq. (8) and performing a Taylor expansion with
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respect to δ, one obtains
x¯′ + δxˆ′ = cos(θ¯ + δθˆ)
= cos θ¯ − sin θ¯ δθˆ +O(δ2).
(A.1)
Note that x¯′ = cos θ¯ is satisfied automatically for the pre-stretch configuration in Eq. (A.1).
Hence, the incremental dynamic equation is obtained by collecting the terms at O(δ), i.e.
xˆ′ = − sin θ¯ θˆ. (A.2)
The incremental dynamic equations corresponding to Eqs. (9)-(11) and (13) are derived simi-
larly. Finally, the substitution of (14) into (12) results in
m¯′ + δmˆ′ = (n¯x + δnˆx) sin(θ¯ + δθˆ)− (n¯y + δnˆy) cos(θ¯ + δθˆ) + ρI(
¨¯θ + δ
¨ˆ
θ)
≈ (n¯x + δnˆx)(sin θ¯ + cos θ¯δθˆ)− (n¯y + δnˆy)(cos θ¯ − sin θ¯δθˆ) + ρI(
¨¯θ + δ
¨ˆ
θ)
≈ n¯x sin θ¯ − n¯y cos θ¯ + ρI
¨¯θ + sin θ¯δnˆx − cos θ¯δnˆy + (n¯x cos θ¯ + n¯y sin θ¯)δθˆ + ρIδ
¨ˆ
θ.
(A.3)
By collecting the terms of O(δ) in Eq. (A.3), we obtain the incremental dynamic equation as
mˆ′ = sin θ¯nˆx − cos θ¯nˆy + (n¯x cos θ¯ + n¯y sin θ¯)θˆ + ρI
¨ˆ
θ. (A.4)
Note that the inertia term ρI ¨¯θ = 0 for the stationary pre-stretch state. Finally, the incremental
dynamic equations can be expressed in a matrix form as shown in Eq. (17).
References
[1] Mahmoud I Hussein, Michael J Leamy, and Massimo Ruzzene. Dynamics of phononic materials
and structures: Historical origins, recent progress, and future outlook. Applied Mechanics Reviews,
66(4):040802, 2014.
[2] Vincent Laude. Phononic Crystals: Artificial Crystals for Sonic, Acoustic, and Elastic Waves,
volume 26. Walter de Gruyter GmbH & Co KG, 2015.
[3] Pu Zhang and Albert C To. Broadband wave filtering of bioinspired hierarchical phononic crystal.
Applied Physics Letters, 102(12):121910, 2013.
[4] Ellis G. Barnwell, William J. Parnell, and I.D˜avid Abrahams. Tunable elastodynamic band gaps.
Extreme Mechanics Letters, 12:23–29, 2017.
[5] Katia Bertoldi and Mary C. Boyce. Wave propagation and instabilities in monolithic and pe-
riodically structured elastomeric materials undergoing large deformations. Physical Review B,
78(18):184107, 2008.
[6] Pavel I Galich, Nicholas X Fang, Mary C Boyce, and Stephan Rudykh. Elastic wave propagation
in finitely deformed layered materials. Journal of the Mechanics and Physics of Solids, 98:390–410,
2016.
[7] J-F Robillard, O Bou Matar, JO Vasseur, Pierre A Deymier, M Stippinger, A-C Hladky-Hennion,
Y Pennec, and B Djafari-Rouhani. Tunable magnetoelastic phononic crystals. Applied Physics
Letters, 95(12):124104, 2009.
[8] Gal Shmuel. Electrostatically tunable band gaps in finitely extensible dielectric elastomer fiber
composites. International Journal of Solids and Structures, 50:680–686, 2013.
[9] Pu Zhang and William J Parnell. Soft phononic crystals with deformation-independent band gaps.
Proceedings of the Royal Society A, 473(2200):20160865, 2017.
[10] Guancong Ma and Ping Sheng. Acoustic metamaterials: From local resonances to broad horizons.
Science Advances, 2(2):e1501595, 2016.
[11] Sahab Babaee, Nicolas Viard, Pai Wang, Nicholas X Fang, and Katia Bertoldi. Harnessing defor-
mation to switch on and off the propagation of sound. Advanced Materials, 2015.
11
[12] Nanshu Lu and Dae-Hyeong Kim. Flexible and stretchable electronics paving the way for soft
robotics. Soft Robotics, 1(1):53–62, 2014.
[13] Cheng Lv, Hongyu Yu, and Hanqing Jiang. Archimedean spiral design for extremely stretchable
interconnects. Extreme Mechanics Letters, 1:29–34, 2014.
[14] John A Rogers, Takao Someya, and Yonggang Huang. Materials and mechanics for stretchable
electronics. Science, 327(5973):1603–1607, 2010.
[15] Yihui Zhang, Haoran Fu, Yewang Su, Sheng Xu, Huanyu Cheng, Jonathan A Fan, Keh-Chih
Hwang, John A Rogers, and Yonggang Huang. Mechanics of ultra-stretchable self-similar serpentine
interconnects. Acta Materialia, 61(20):7816–7827, 2013.
[16] G Trainiti, JJ Rimoli, and M Ruzzene. Wave propagation in periodically undulated beams and
plates. International Journal of Solids and Structures, 75:260–276, 2015.
[17] LE Becker, GG Chassie, and WL Cleghorn. On the natural frequencies of helical compression
springs. International Journal of Mechanical Sciences, 44(4):825–841, 2002.
[18] D Pearson. The transfer matrix method for the vibration of compressed helical springs. Journal
of Mechanical Engineering Science, 24(4):163–171, 1982.
[19] Ahmed Frikha, Fabien Treyssede, and Patrice Cartraud. Effect of axial load on the propagation of
elastic waves in helical beams. Wave Motion, 48(1):83–92, 2011.
[20] Basile Audoly and Yves Pomeau. Elasticity and geometry: from hair curls to the non-linear
response of shells. Oxford University Press, 2010.
[21] Sebastien Neukirch, Joe¨l Frelat, Alain Goriely, and Corrado Maurini. Vibrations of post-buckled
rods: the singular inextensible limit. Journal of Sound and Vibration, 331(3):704–720, 2012.
[22] Ray W Ogden. Incremental statics and dynamics of pre-stressed elastic materials. In Waves in
nonlinear pre-stressed materials, pages 1–26. Springer, 2007.
[23] Richard Bellman. Introduction to matrix analysis. SIAM, Philadelphia, 1997.
[24] Florian Maurin and Alessandro Spadoni. Wave dispersion in periodic post-buckled structures.
Journal of Sound and Vibration, 333(19):4562–4578, 2014.
[25] Giuseppe Trainiti, Julian J Rimoli, and Massimo Ruzzene. Wave propagation in undulated struc-
tural lattices. International Journal of Solids and Structures, 97:431–444, 2016.
[26] Yanyu Chen, Tiantian Li, Fabrizio Scarpa, and Lifeng Wang. Lattice metamaterials with mechan-
ically tunable poissons ratio for vibration control. Physical Review Applied, 7(2):024012, 2017.
[27] Mildred S Dresselhaus, Gene Dresselhaus, and Ado Jorio. Group theory: application to the physics
of condensed matter. Springer Science & Business Media, 2007.
[28] Adam Mock, Ling Lu, and John OBrien. Space group theory and fourier space analysis of two-
dimensional photonic crystal waveguides. Physical Review B, 81(15):155115, 2010.
12
